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Based on a newly derived microscopic fractional quantum 
Hall edge model, we study its thermodynamics at finite tem- 
perature. For the dressed energy spectrum a critical en- 
ergy scale determined by the temperature exists, below which 
the refractive dispersion which is essential to the model's 
bosonization to a Luttinger liquid is smeared. According to 
this observation, a temperature-dependent crossover picture 
is proposed, and applied to the analysis of a recent tunneling 
experiment in comparison with the standard Luttinger liq- 
uid theory, and a better fit to the features of the measured 
conductance-temperature curve is achieved. We also consider 
the role of the Coulomb interaction in the thermodynamics 
and find that a crossover exists during which the influence 
of the Coulomb interaction is suppressed with the increase of 
temperature. 

PACS numbers: 73. 40. Hm, 71. 10. -l-x, 71. 27. +a. 



Since the sensational discovery of fractional quantum 
Hall effect(FQHE) in 1982 |§, many efforts have been de- 
voted to the understanding of this fascinating 2D strongly 
correlated system ||^. In the theoretical aspect, progress 
has been made to account for its low energy physics 
which is determined by the FQHE edge states because 
of the gapful bulk excitations. Compared with the in- 
teger quantum Hall edge states which are well under- 
stood in a chiral Fermi liquid picture the description 
of the FQHE edge is much more subtle. There is still 
some controversy in the real effects of electron correla- 
tions. One of the most concerned questions is whether 
the fractional edge is a Fermi liquid (FL)or a Luttinger 
liquid (LL) Q. From the viewpoint of the macroscopic 
effective theory. Wen advanced the chiral Luttinger liq- 
uid (CLL) picture which emphasizes the non- Fermi 
liquid nature of the FQHE edge states due to strong cor- 
relations. Some predictions Q based on CLL have 
been corroborated in a recent tunneling experiment be- 
tween V = 1/3 fractional edges 1^. Meanwhile, a mi- 
croscopic composite fermion (CF) Q picture was used 
to construct a mean field level edge model, which is ba- 
sically a Fermi liquid one [ p^ . It is not surprising that 
this naive mean field theory also found experimental sup- 
ports from the measurement of the anti-dot AB effect 
and the resonant tunneling width |12|, for its bulk 
counterpart has already achieved impressive experimen- 
tal successes. 



our derivation, we perform a composite fermion transfor- 
mation on the electron Hamiltonian, which attaches an 
even number of flux quanta onto the electrons to form 
the composite particles. While the statistical gauge field 
interactions between the edge particles and the bulk ones 
are treated at a mean field level, the gauge interactions 
between the edge particles are taken care of explicitly, 
which lead to the square inverse interaction character- 
istic of the Calogero Sutherland model(CSM) |l|l. In 
this way, we can show that the FQHE edge states are 
described by the CSM with the residue interactions be- 
tween the CFs treated as perturbations. Then by means 
of bosonization and consideration of the chirality , we fi- 
nally arrive at Wen's CLL theory. The role of the residue 
short-range interactions is also considered and proven to 
be unable to change the critical exponents of the CSM 
because of the chirality ||l^. In this letter, we are going 
to reconcile the confiicts between the Fermi liquid and 
the Luttinger liquid descriptions by studying the ther- 
modynamics of the present microscopic edge model at 
finite temperature. We argue that the refractive disper- 
sion of the dressed energy which is essential to the CSM's 
bosonization to a LL is smeared in the "window" open- 
ing around the Fermi point, whose width is set by the 
temperature. The physical processes involving only exci- 
tations of much lower energy scales will show FL like be- 
haviors, while those including higher energy excitations 
will undertake a crossover to LL with the increase of en- 
ergy scales. This mechanism makes it possible to rec- 
oncile between the experimentally detected LL behaviors 
and the FL ones. We then apply this intuitive crossover 
picture to the analysis of a recent tunneling experiment 
from a normal metal to the i/ = 1/3 fractional edge, and 
succeed in explaining two features of the G — T data 
which are inconsistent with the standard LL prediction. 
We also discuss the role of the Coulomb interaction in 
the thermodynamics, and argue that finite temperatures 
tend to suppress its effects. 

Before starting with the discussion of the thermo- 
dynamics, we first give a concise review of the micro- 
scopic edge model. Both the thermodynamics and the 
bosonization of it stem from the well-known thermody- 
namic Bethe ansatz (TBA)equation [M that reads 



£(fc) = eo(fc) + 



T 
2^ 



$'(fc - k')\TL{l 



e~^)dk' (1) 



In a recent study |l^ 14|, we succeed in 
relating the above two pictures with each other by giv- 
ing a microscopic derivation of the CLL model |13]. In 



where e(fc) is the dressed energy, eo(fc) stands for the 
bare energy given by £o{k) — k^ — fi, ^ is the chemical 
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potential , <I>(fc) represents the phase shift function of the 
model interaction, which in the CSM reads ^cs(k) = 
(A — l)'!Tsgn{k), and the model interaction is Vcs{x) = 



The free energy at temperature T is 



^[sin(l) 
given by the dressed energy as follows, 



F^U ~TS 



(2) 



= -T 



Pa ln(l 



)dk 



where Po = In order to bosonize the low energy effec- 
tive theory of the CSM, one goes to the zero temperature 
limit [E0| , and the TBA equation reduces to 



eik)^eo{k)-— I ^\k-k')e{k') 



and one obtains the following refractive dispersion of the 
dressed energy 



e±(fc) 



±VFik T kp) + kp, \k\>kF, 
±VF{kT kF)/>^ + kp, \k\ < kp. 



(3) 



where vp^kp are the Fermi velocity and the Fermi mo- 
mentum respectively. Based on this dispersion relation 

and the ground state energy formula E = J pQt{k)dk, 

— kp 

one can bosonize the CSM and arrive at the low energy 
fixed point of LL, with the characteristic exponent g = X. 
We emphasize the importance of the refractive disper- 
sion, which is essential to the conclusion of non- Fermi 
liquid((7 ^ 1) in the CLL picture. 

Then we turn to the situation of finite temperature, 
and calculate the dispersion of the dressed energy near 
the Fermi point. A momentum scale fcy set by T is given 
by kr = T/vF- For \k - kp] « kr, or |e(fc)| << T, the 
TBA equation reduces to 



e(fc) = eo(fc) + r(A - 1) ln(l + e" — ) 
One can expand it to the 0(^^) order, and obtain 



e(fc) 



^eo{k) + const + 0[C-^r) 



(4) 



(5) 



where the temperature-dependent part of e{k) is ab- 
sorbed into the chemical potential to satisfy the condition 
e{kF) = 0, with the remaining temperature-independent 
term j^eo{k) still meaningful as a physical energy. One 
can see that the refractive dispersion at T = is smeared 
near the Fermi point at finite temperature. Then we con- 
sider the situation of \k — kp\ » kr, or |e(A:)| >> T. 
One can easily obtain the dispersion relation similar to 
that of zero temperature as follows 



_ I eo{k) + 0(e 



), \k\>kp, 



eo(fc)/A + 0(e-^), < kp. 



(6) 



where the refractive dispersion is restored. Therefore the 
dispersion relation of the dressed energy that is essential 
to the CSM's bosonization to a LL is smeared at energy 
scales lower than T, where the apparent "refractive in- 
dex" turns from A to 1, and a Fermi liquid like low energy 
effective theory is obtained. In this way both FL and LL 
behaviors can be accommodated at finite T, depending 
on the energy scales involved in different physical pro- 
cesses. 

Let us first discuss the equilibrium thermodynamics, 
which is determined by the free energy F in the canonical 
ensemble formulation , and F can be divided into the sum 
of two parts as follows 



F = Fi+Fh 



(7) 



Fi = -T [ PoH^ + e-"^) 

r=-l,l|, /i^, 

\k~rkp\>kq^ 

and Fi is more important because low energy excitations 
contribute more to the temperature-dependent part of F 
which determines the thermodynamics. One can see that 
Fi contains the contribution from the FL like dressed en- 
ergy spectrum at low energy scales, while Fh contains 
the contribution from the LL related refractive spectrum 
at large energy scales. So the thermodynamic func- 
tions derived from F have mixed properties of FL and 
LL. Attempts to clarify the FL/LL ambiguity, or to ex- 
tract the corresponding characteristic parameters (such 
as vp,vj^ of LL) by measuring the equilibrium thermody- 
namic quantities are expected to be improper. However, 
experiments designed to probe predominantly low energy 
excitations or high energy ones (relative to T) should be 
able to discriminate between FL and LL behaviors, such 
as the measurement of the temperature and the bias volt- 
age dependences of the tunneling conductance G{V,T). 
We first consider the situation of tunneling from a nor- 
mal metal to a 1/3 fractional edge at fixed T. Since eV 
corresponds to the energy scale of the most relevant exci- 
tations probed by the measurement of G(T, V), one can 
expect the behavior of G(T, V) to undertake a crossover 
from FL to LL with the increase of V. For eV «T ,the 
V independent behavior is expected, which results from 
the FL like low energy excitations; while for eV » T 
the power law property of LL is restored, that is 



G(T, V) 




eV » T, 
eV « T. 



(8) 



To verify the above qualitative prediction, we cite the 
experimental results of Chang et al. for comparison. 
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In Fig. la, the measured I — V relation at fixed T expe- 
riences a crossover from I (x V to I (x near eV « T, 
which means a corresponding crossover for G(T, V) from 
to V'^, as predicted above. The quantitative result of 
the I — V curve based on the crossover picture is shown in 
Fig. lb for comparison. One can see that the fit is satis- 
factory. However, a good fit to the experiments can also 
be achieved by means of the scaling relation derived from 
the standard LL theory. In order to demonstrate that the 
current crossover picture is beyond an equivalent of the 
LL theory, we will turn to the situation of variable T, 
where the present picture is able to describe more fea- 
tures of the measured G — T data than the standard LL 
theory. 

To make a quantitative comparison between the pre- 
diction of the crossover picture and that of the LL the- 
ory, we first cite the basic results of the latter. By tak- 
ing both T and V dependences into account, Kane and 
Fisher suggest a universal scaling form for the I — V re- 
lation that holds in the limit Gt„„ << GhcM ~ e^/3h 
(suppose 1/ = 1/3). For tunneling into the 1/3 edge from 
a normal metal, it is given by |^l[] 

I ocT°'[x + x°'], (9) 

where x = a = 3. Therefore G(T, V) can be written 
as 



E « T, 
E » T. 



(11) 



G(r, V) (xT^ + BV^ 



(10) 



where _B is a constant. Wc then cite the experimental re- 
sults of reference ||2^ in Fig. 2a, which will be the bases of 
the following discussions and comparisons. After a care- 
ful examination of Fig. 2a, one can discover two features 
that are inconsistent with eq(|lO|) , but can be understood 
qualitatively within the crossover picture. First, The two 
curves of G(T, V) tend to saturate with the increase of T, 
before the one with lower V warps up (the so called me- 
ander behavior in rcf ||2^), while the other with higher V 
continues to saturate when approaching the gapful hole 
excitations. That means the exponent of T tends to de- 
crease with the increase of T. However, according to 
eq(0), the exponent should go up to 2 with the term 
being suppressed by larger T^. This feature can be un- 
derstood in the crossover picture. When we increase T 
while fix V, more and more relevant excitations belong 
to the FL like part of the spectrum, which has the effect 
of gradually lowering the exponent from the LL value 2 
to the FL value 0, although the crossover is disrupted 
by the gapful excitations. Secondly, we note that the 
G{T,V) curve with larger V has larger exponent [p3| . 
But eq(|l^) predicts the opposite result, since larger 
weakens the power law behavior of T^. This again can 
be explained qualitatively here, because larger V means 
to probe higher energy excitations which tend to reach 
the LL region of the dressed energy spectrum, and as a 
result leads to larger exponent. 

In order to give a quantitative justification of the above 
argument, we calculate G{T, V) by using the following 
tunneling density of states 



N{E), for E near the order of T, corresponds to a 
crossover between the above two limiting regions [24[. 
A^o does not depend on T because j^^oik) in eq(3pis 
T- independent . G{T, V) is given by 



G(T,F)« / [f{E+eV)+f'{E-eV)]{l-f{E))N{E)dE 



where f{E) = l/(l+e^/"^) is the Fermi distribution func- 
tion. The numerical results are shown in Fig2.b. The ba- 
sic features of Fig. 2a are reproduced satisfactorily. Even 
the warping up behavior is manifest, which can be ana- 
lyzed as follows. According to the expression of N{E), 
the contributions of the LL part and the FL like part can 
be separated in G(r, V) as 

G(r, V) = Wfl{V/T) + WLLiV/T)T^ 

where Wfl{x) and Wll{x) are weight functions of the 
two contributions. With the increase of T from the order 
of V, the variations of weight functions at first dominate 
the G — T behavior by transferring weight from Wll to 
Wfl, which leads to the slight saturation of G{T,V). 
However, if we further increase T, the weight functions 
themselves tend to saturate, while the term begins to 
dominate the G ~T behavior, which results in the warp- 
ing up tendency. With the further increase of T, the 
exponent rapidly approaches the LL value 2. For large 
enouch V , the warping up behavior may be suppressed 
by the approaching of the gapful excitations which tend 
to saturate Gt„„ to Guaii = j'ih. This explains the 
loss of meander in the experimental curve with larger V . 
Therefore, the FL behavior of G(T, F) only manifests it- 
self in a small interval of T on the condition that V is 
small enough, although the contribution of the FL like 
excitations persists at the high temperature limit. The 
detailed fit between theory and experiments will be re- 
ported elsewhere |p6| . 

From the above discussions and comparisons, one can 
see that a smooth crossover from LL to FL like behav- 
iors occurs with the increase of T . If we take into ac- 
count the finite size effects, the crossover temperature Tc 
is roughly determined by the length scale L as Tc = vfj^. 
For T < Tc, the FL window near the Fermi point is ac- 
tually absent, while for T > Tc, the FL like effects begin 
to show up. In this way, both the finite temperature 
effects and the finite size effects are coherently related, 
and they are complementary to each other in that when- 
ever one becomes weaker the other will turn stronger. In 
typical experiments on the FQHE edge tunnelings in a 
mesoscopic sample, Tc can be as large as the order of 
T, and one can only measure a mixed property of FL 
and LL. For instance, in ref p2| where the tunneling into 
the = 1/3 fractional edge is probed, the measured ex- 
ponents (a — 1 = 1.75, 1.5) in the G — T relation stay 
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between the LL value 2 and the FL value 0. Therefore, 
a quantitative understanding of the crossover region in 
such as N{E) for E near T is necessary, before one can 
explain the transport experiments on the fractional edges 
explicitly. This will be studied in our future work. 

We then turn to the discussion of the role of the 
Coulomb interaction at finite temperature. In a recent 
paper [p^ , we argue that the perturbative interactions 
between the CFs with their force-range shorter than 1 /a;^ 
can not renormalize the exponent g = 1/A, and the 
bosonization process based on the zero temperature limit 
of TBA is still useful. However, these arguments are not 
applicable to the long-range Coulomb interaction, since 
its phase shift function near fc = is even more singular 
than ^cs{k), and can change the long wave length exci- 
tations of the CSM substantially. To see what happens 
when T is not zero, let us go back to the TBA equation, 
where the only change is in $(fc), which is modified by 
the introduction of the Coulomb interaction lE7| . 



$(fc) = $cs(fc) + $s.c,(fc) 



k/kc 



Hk/kc) 
k/kc 



(12) 
(13) 



where Ci and C2 are two constants, and kc is the mo- 
mentum scale set by the Coulomb interaction: /cc — ^/o-b, 
with qb the corresponding Bohr radius. 

With the inclusion of ^sig(k), one can rederive the 
same dispersion relation at finite T, if the condition 

kx » kc is satisfied. The key to this invariance 

00 

is the following two formulae : J ^'^^g{k)dk — 0, 

—00 

00 

and / ^'g^g{k)kdk ~ 0. Therefore, one can expect 

—00 

a crossover from the Coulomb relevant regime to the 
Coulomb irrelevant regime with the increase of T. This 
helps to explain why the influence of the Coulomb in- 
teraction is not obvious in experimental observations at 
finite T, while it may change the ground state properties 
of CLL considerably. 

In conclusion, we propose a temperature-dependent 
crossover picture based on the calculation of the dressed 
energy at finite temperature, and then apply it to the 
analysis of a recent tunneling experiment. We arrive at a 
fit to the data better than that of the LL theory. We also 
discuss the effects of finite temperature on the Coulomb 
interaction, and find a crossover behavior with the in- 
crease of temperature. 

One of us(WJZ) is grateful to Hua-Gang Yan for his 
help in the numerical calculations. We also acknowl- 
edge the stimulating discussion with Q.Niu. This work 
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FIG. 1. (a)/ — V characteristics for tunneling from the 
bulk-doped n-|- GaAs into the v = 1/3 fractional edge in a 
log- log plot for sample 1 at i3 = 13.4r(crosscs), and samples 
2 at B = 10.8r(solid circles). The solid curves represent fits 
to the LL scaling form for a— 2.75 and 2.65, respectively [22]. 
(b) numerical result oi I — V log- log plot. The diamonds 
represent data generated by numerical integral based on the 
crossover picture. 

FIG. 2. (a)Log-log plot of the temperature dependence of 
G{T,V) at low voltage bias for samples 1 (upper curve) and 
samples 2(lowcr curve) at = 1/3. The respective voltage 
biases are 4.97 and 2.64 ijV. The solid straight lines repre- 
sent power laws with the respective exponents a — 1 of 1.75 
and 1.5 [22]. (b)numerical resuh of G{T, V) - T log-log plot 
based on the crossover picture, the two curves correspond to 
3.3/iy(circles) and 2. l^uT/ (diamonds), respectively. 
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